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ABSTRACT
The galaxy intrinsic alignment (IA) is a major challenge of weak lensing cosmology. To alleviate
this problem, Zhang (2010, MNRAS, 406, L95) proposed a self-calibration method, independent of
IA modeling. This proposal relies on several scaling relations between two-point clustering of IA and
matter/galaxy fields, which were previously only tested with analytical IA models. In this paper,
these relations are tested comprehensively with an N−body simulation of 30723 simulation particles
and boxsize 600h−1 Mpc. They are verified at the accuracy level of O(1)% over angular scales and
source redshifts of interest. We further confirm that these scaling relations are generic, insensitive
to halo mass, weighting in defining halo ellipticities, photo-z error, and misalignment between galaxy
ellipticities and halo ellipticities. We also present and verify three new scaling relations on the B-mode
IA. These results consolidate and complete the theory side of the proposed self-calibration technique.
Subject headings: gravitational lensing: weak large-scale structure of universe methods: numerical
1. INTRODUCTION
The intrinsic alignment (IA) of galaxies, in particular,
the spatially correlated component of galaxy shapes, is a
major challenge of weak lensing cosmology (see Troxel &
Ishak 2015 for a recent review). Depending on galaxy
types, it may significantly contaminate cosmic shear
measurement in several ways. For weak lensing two-point
correlation or its corresponding power spectrum, IA di-
rectly induces the so-called II term, arising from the IA
auto correlation. Furthermore, IA can be spatially cor-
related with the ambient density field and therefore spa-
tially correlated with gravitational lensing. This induces
the so-called GI term (Hirata & Seljak 2004). These con-
taminations have been predicted in various simulations
(e.g. Croft & Metzler 2000; Heavens et al. 2000; Jing
2002; Heymans et al. 2006; Joachimi et al. 2013; Hilbert
et al. 2017; Xia et al. 2017; Wei et al. 2018) and analyt-
ical modeling (e.g. Catelan et al. 2001; Crittenden et al.
2001; Lee & Pen 2001; Hirata & Seljak 2004; Bridle &
King 2007; Hui & Zhang 2008; Schneider & Bridle 2010;
Blazek et al. 2011, 2015, 2017; Joachimi et al. 2011; Tu-
gendhat & Scha¨fer 2018). Furthermore, they have been
detected in observations (Brown et al. 2002; Hirata et al.
2004; Mandelbaum et al. 2006; Hirata et al. 2007; Oku-
mura & Jing 2009; Okumura et al. 2009; Joachimi et al.
2011; Mandelbaum et al. 2011; Singh et al. 2015; Singh
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& Mandelbaum 2016; van Uitert & Joachimi 2017).
Therefore, a major task in weak lensing cosmology is
to remove/alleviate IA. There have been various propos-
als. From the data side, the II term can be eliminated by
removing close galaxy pairs with the aid of photo-z infor-
mation, or disregarding auto correlation within the same
photo-z bin (King & Schneider 2002, 2003; Heymans &
Heavens 2003; Takada & White 2004; King 2005). How-
ever, this results in significant loss of information. Fur-
thermore, it does not eliminate the GI term. From the
IA theory side, one may adopt specific models of IA,
and fit IA model parameters simultaneously with cosmo-
logical parameters. This approach has been applied in
CFHTLens, KiDS, and DES (e.g. Kirk et al. 2010; Hey-
mans et al. 2013; Abbott et al. 2016; Hildebrandt et al.
2017; Joudaki et al. 2017; Troxel et al. 2017). The main
problem is the induced dependence on IA modeling. The
nulling technique avoids such model dependence, by in-
troducing a redshift-dependent weighting scheme to sup-
press the IA contribution (Joachimi & Schneider 2008,
2009). However, by design, the same weighting results in
significant loss of weak lensing information, in particular,
its redshift dependence.
Zhang (2010a,b) proposed two self-calibration tech-
niques of both the GI and II contamination. The key
in these self-calibration techniques is the discovered scal-
ing relations independent of IA modeling. These scaling
relations connect statistics of IA spatial clustering with
that of the galaxy number density field and the mat-
ter density field (gravitational lensing). Combining all
observables (galaxy shapes and galaxy number density)
available in the same weak lensing survey, these scal-
ing relations allow for unique determination of GI, II,
and the lensing power spectrum. These self-calibration
techniques have been extended to three-point statistics
(Troxel & Ishak 2012a,b,c, 2015). Recently Yao et al.
(2017) showed that the self-calibration technique can in-
deed render the otherwise significant IA contamination
insignificant, without sacrificing the lensing signal and
cosmological information.
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The scaling relations (Zhang 2010a,b; Troxel & Ishak
2012a,b,c, 2015) have only been verified with several an-
alytical IA models. The next step is to verify them in
more realistic situations. It is therefore the main goal of
the current paper, to test the three scaling relations pro-
posed in Zhang (2010b , hereafter Z10) with a high reso-
lution N−body simulation of 30723 simulation particles.
Observationally, the IA contamination may only be non-
negligible for early-type galaxies. The observed GI and
II can both be well explained by the spatially correlated
halo ellipticities in N−body simulations, together with
misalignment between ellipticities of galaxies and halos
(Okumura & Jing 2009; Okumura et al. 2009). One can
prove that the existence of galaxy misalignment does not
affect the above scaling relations. We have randomly ro-
tated halos to present the misalignment of galaixes, and
it only suppresses the IA amplitude, which agrees with
previous works (e.g. Joachimi et al. 2013). Therefore, we
carry out direct tests of scaling relations for halo elliptic-
ities and their validity automatically applies to realistic
early-type galaxies. With the verification of these scal-
ing relations, the self-calibration technique in Z10 is now
complete from the theory side.
This paper is organized as follows. §2 describes the self-
calibration technique. §3 describes the simulation and
data analysis. §4 verifies the scaling relations proposed
in Z10. Three new scaling relations are proposed and
verified too. §5 discusses and summarizes.
2. THE SELF-CALIBRATION TECHNIQUE
Here we briefly summarize the self-calibration tech-
nique proposed in Z10. Conventional lensing tomogra-
phy usually adopts coarse redshift bins of width ∼ 0.2,
comparable to photo-z error of individual galaxies. Such
a coarse bin size is sufficient for extracting the cosmolog-
ical information in weak lensing, since the lensing kernel
only varies slowly with redshift. However, it disregards
information valuable for calibrating IA. Due to the large
number of source galaxies, even much finer photo-z bins
(e.g. of width ∼ 0.01) may have millions of galaxies, and
therefore can have sufficient S/N of diagnosing IA. The
IA self-calibration utilizes such information. First, we
split galaxies into redshift bins of narrow width O(0.01)
and work on various two-point cross-correlations between
photo-z bins. Unless otherwise specified, we focus on the
E-mode of galaxy ellipticities in cosmic shear surveys.
The observed E-mode galaxy ellipticity is
γOE = γ + I .
Here γ is the cosmic shear and I is the E-mode galaxy IA.
The spatially uncorrelated (random) component of the
galaxy shapes does not contribute in the nonzero lag cor-
relation function, and the shape noise can be subtracted
in the observed power spectrum. Therefore, for brevity
we ignore this component. Together with the other ob-
servable, namely the galaxy surface number density, we
can form three two-point auto/cross-correlations. The
corresponding power spectra between the ith and the
jth redshift bins are C
(1)
ij (the power spectrum between
the observed(lensed) galaxy ellipticity), C
(2)
ij (the galaxy
ellipticity-galaxy surface overdensity cross-power spec-
trum), and C
(3)
ij (the galaxy surface overdensity power
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Fig. 1.— Classifications of various power spectra in the ∆zP
space from the N−body simulation data. The cross-power spectra
between galaxy IA/number overdensity and gravitational lensing
increase with increasing ∆zP. In contrast, the power spectra be-
tween galaxy IA and number overdensity decreases with increasing
∆zP. The relative dependences are almost identical for II, Ig, and
gg, and are therefore indistinguishable in the plot. The lensing
power spectrum CGG only weakly depends on ∆zP. This signifi-
cant difference in the ∆zP dependence, along with the three scaling
relations shown in Figures 2-4, are key ingredients of the proposed
IA self-calibration technique.
spectrum). Notice that all three power spectra are sym-
metric with respect to the ij pair (C
(1,2,3)
ij = C
(1,2,3)
ji ).
C
(1)
ij (`) =C
GG
ij (`) + C
II
ij(`) + C
GI
ij (`) + C
IG
ij (`) ,
C
(2)
ij (`) =C
Gg
ij (`) + C
gG
ij (`) + 2C
Ig
ij (`) ,
C
(3)
ij (`) =C
gg
ij (`) . (1)
These measurable quantities are related to the underly-
ing power spectra Cαβij . Here, α, β = G, I, g denote the
gravitational shear, the IA, and the galaxy surface over-
density respectively. Cαβij is the cross-power spectrum be-
tween the property α of the ith redshift bin and the prop-
erty β of the jth redshift bin. When α = β, Cαβji = C
αβ
ij .
However, when α = G and β = I, g, Cαβji 6= Cαβij .
In the measurement C
(1)
ij , the lensing power spectrum
CGGij is contaminated by both the II term and the GI
term from the galaxy IA. Adding new measurements
(C
(2,3)
ij ) on one hand provides extra constraints on IA,
but on the other hand brings extra unknown quanti-
ties. Z10 found several scaling relations between these
unknown quantities. They significantly reduce the de-
grees of freedom in Equation (1), and make CGG solv-
able. These scaling relations are generic, arising from
the very basic fact that both IA and the galaxy num-
ber density are intrinsic 3D fields, while cosmic shear is
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Fig. 2.— Verification of the scaling relation S1. S1 states that the
ratio CII(∆zP)/Cgg(∆zP) should be independent of ∆zP. Since
the absolute amplitude is irrelevant, we scale the first data points
(at ∆zP = 0) to unity. S1 holds to an accuracy of O(1)% at
∆zP ≤ 0.2 and z¯P = 0.6. Its accuracy further improves toward
higher z¯P.
the projection of a 3D field (matter density). The self-
calibration based on them is therefore independent of IA
modeling.
We denote the average redshift of galaxies in the ith
redshift bin as zPi . Here the superscript “P” denotes
the photometric redshift. The above power spectra then
depend on both zPi and z
P
j . Such dependences can be re-
expressed as the dependences on the mean redshift z¯P ≡
(zPi + z
P
j )/2, and the redshift separation ∆z
P ≡ zPj − zPi .
With respect to these new arguments (∆zP, z¯P and `),
the scaling relations found in Z10 are
S1 : CII(∆zP|`, z¯P) ' AII(`, z¯P)Cgg(∆zP|`, z¯P) ,
S2 : CIg(∆zP|`, z¯P) ' AIg(`, z¯P)Cgg(∆zP|`, z¯P) ,
S3 :CGI(∆zP|`, z¯P) + CIG(∆zP|`, z¯P) ' AGI(`, z¯P)
× [CGg(∆zP|`, z¯P) + CgG(∆zP|`, z¯P)] . (2)
The prefactors AII, AIg, and AGI encode information of
IA, but are hard to calculate from the first principle.
What the scaling relations emphasize is that, AII, AIg
and AGI do not depend on ∆z
P. In other words, the
two sets of power spectra in the S1∼S3 scaling relations
have identical ∆zP dependence. Namely, the ratios (e.g.
CII/Cgg for fixed ` and z¯P) should be ∆zP independent.
Z10 predicts that this should be valid at ∆zP . 0.2.
Fig. 1 shows the ∆zP dependences of the above power
spectra measured from our simulation detailed later, for
` = 1000 and z¯P = 1.0. Although this figure indeed
shows the validity of the above scaling relations, the ma-
jor purpose is to demonstrate how the self-calibration
works. The ∆zP dependences can be naturally classified
into three categories, insensitive to details of IA.
• The lensing power spectrum only weakly depends
on ∆zP, since the lensing kernel varies slowly with
redshift. Based on this slow variation, Z10 also de-
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Fig. 3.— Verification of the scaling relation S2. It is similar to
Figure 2, but for the ratios CIg/Cgg.
rived a generic scaling relation on the lensing power
spectrum,
CGG(∆zP|`, z¯P)
CGG(0|`, z¯P) ' 1−AGG(`, z¯
P)(∆zP)2 . (3)
• CII, |CIg|, and Cgg decrease quickly with increas-
ing ∆zP. This is the natural consequence of short
correlation length of the underlying 3D fields of IA
and galaxy number density.
• In contrast, both |CGI + CIG| and CGg + CgG in-
crease quickly with increasing ∆zP. This is the
natural consequence of higher lensing efficiency for
larger source-lens separation.
Observationally, we can find redshift bin pairs of iden-
tical z¯P but different ∆zP. This allows us to separate
the three categories of components using their different
∆zP dependences. Mathematically, with measurements
of C(1,2,3) at four or more ∆zP, we are able to solve for
all unknowns in Equations (1)-(3). We then obtain CGG,
free of IA contamination, and independent of IA model-
ing. What’s more, we can get all the prefactors Aαβ in
Equation (2)-(3) from all the observed quantities. So on
the validation of these scaling relations we do not care
the value of these prefactors Aαβ which indeed depend
on the detailed IA physics.
Equation (3) has been verified unambiguously in Z10,
since we already have a sufficiently accurate understand-
ing of weak lensing statistics. The same paper also
demonstrated the robustness of the S1∼S3 scaling rela-
tions, but only for specific analytical/semianalytical IA
models. The major remaining question is whether S1∼S3
hold in more realistic situations. Therefore, we test these
scaling relations with IA in numerical simulations.
3. THE N−body SIMULATION AND DATA
ANALYSIS
The N−body simulation we analyze has 30723 dark
matter particles in a (600h−1 Mpc)3 cosmic volume
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Fig. 4.— Verification of the scaling relation S3. It is similar to
Figure 2, but for the ratios (CGI + CIG)/(CGg + CgG).
(hereafter J6610). It was run with a particle-particle-
particle-mesh (P3M) code (Jing et al. 2007; Jing 2018).
It adopts a flat ΛCDM cosmology with Ωm = 1− ΩΛ =
0.268, Ωb = 0.045, h ≡ H0/100/kms−1Mpc−1 = 0.71,
σ8 = 0.83, and ns = 0.968. The dark matter halos are
first identified using the friends-of-friends algorithm with
a linking length 20% of the mean particle separation. All
unbound particles are excluded in the final halo catalog.
Our work only uses halos with at least 20 simulation
particles. We restrict to the IA of early-type galaxies.
Their IA is expected to arise from the ellipticities of host
halos, up to a misalignment angle. The misalignment
reduces the IA amplitude. However, it does not change
the scaling relations S1∼S3, as long as misalignments of
galaxies in different halos are spatially uncorrelated. For
this reason, we only need to test the scaling relations
for halos and the results obtained automatically apply
to early-type galaxies.
The halo ellipticities are defined (e.g. for projection
onto the x-y plane),
1 =
Ixx − Iyy
Ixx + Iyy
, 2 =
2Ixy
Ixx + Iyy
. (4)
Iαβ is the inertia tensor,
Iαβ =
ΣNi wimi(αi − α¯)(βi − β¯)
ΣNi wimi
. (5)
Here αi and βi are the coordinates of the ith halo particle
in the simulation box, and α¯ and β¯ are the coordinates
of the halo center. mi is the mass of the ith particle and
wi is its weighting. We adopt wi = 1/r
2
i , where ri is the
distance of this particle to the halo center. Iαβ defined
with such weighting is called the reduced inertia tensor.
We then have the 3D distribution of ellipticities. With
respect to the same line of sight, we can perform the E-
B separation and obtain the 3D distribution of E-mode
intrinsic ellipticity (I).
There are two ways to calculate Cαβ(`) in the previous
section. One way is to first make maps of α = G, I, g, and
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Fig. 5.— Scaling relations hold for different halo masses. This
figure is similar to Figure 4, but for two halo mass bins.
then measure their cross-power spectra. This is straight-
forward. However, the large photo-z error causes large
scatter in the maps and we need to produce many of
them to reduce the statistical fluctuation in Cαβ . Since
these maps are not independent of each other, it is then
difficult to quantify the statistical error in Cαβ . Another
way is to first measure the corresponding 3D power spec-
tra Pαβ(k, z) from the I, δm, and δg fields and then apply
the Limber integral to obtain Cαβ .
`2
2pi
Cαβ(∆zP|`, z¯P) = pi
`
∫ ∞
0
∆2αβ
(
k =
`
χ(z)
, z
)
×Wαβ(z,∆zP, z¯P)χ˜(z)H(z)
H0
dz . (6)
Here, ∆2αβ ≡ k3Pαβ(k)/2pi2 is the corresponding (dimen-
sionless) 3D power spectrum variance. Wαβ is the cor-
responding weighting function, whose details are given
in Z10. χ˜(z) ≡ χ/(c/H0) is the comoving angular di-
ameter distance in units of the Hubble radius. H(z) is
the Hubble parameter at redshift z. Since the measure-
ment of Pαβ uses all two-point information in the whole
simulation box, the obtained Cαβ has minimal statisti-
cal fluctuations. Therefore, we will adopt this approach.
For each line of sight (x, y, z), we have an independent I
field and its corresponding power spectra P Iα and CIα.
Comparing between the three lines of sight, we obtain the
statistical errors of CIα and then quantify the accuracy
of scaling relations. But we caution that such errorbars
should not be used for cosmological constraints, since
random shape noise is not included.
4. VERIFICATIONS OF THE SCALING
RELATIONS
We test the scaling relations (S1∼S3) over a variety
of redshifts and angular scales. For brevity, we only
show the results at ` = 500, 1000, 2000 of interest in weak
lensing cosmology. We also adopt z¯P = 0.6, 1.0, 1.4, 1.8,
which cover a large range of accessible source redshifts
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Fig. 6.— Scaling relations hold for different definitions of halo
ellipticities. This figure is similar to Figure 4, but for comparing
two different ways of calculating the inertia tensor (reduced and
unweighted) and the halo ellipticities.
for most weak lensing surveys.
Fig. 2 plots the ratio CII(∆zP)/Cgg(∆zP) as a func-
tion of ∆zP for fixed ` and z¯P with values listed above.
If the scaling relation S1 holds, the ratios should be hori-
zontal lines (independent of ∆zP). Fig. 2 shows that this
is indeed the case. The overall accuracy reaches O(1)%
at ∆zP . 0.2. The accuracy is better for larger ` and
higher z¯P, as predicted in Z10. For example, 1% accuracy
remains for ∆zP ≤ 0.3, for ` = 2000 and 0.6 ≤ z¯P ≤ 1.8,
and for 500 ≤ ` ≤ 2000 and z¯P = 1.4/1.8 .
Fig. 3 shows the ratios CIg/Cgg, and verifies the
scaling relation S2. Fig. 4 shows the ratios (CGI +
CIG)/(CGg + CgG) and verifies the scaling relation S3.
The accuracies of S2 and S3 also reach O(1)%, compa-
rable to that of S1. Therefore, we verify the scaling rela-
tions for halo ellipticities. The ellipticities of early-type
galaxies can be well described by the halo ellipticities
and a spatially uncorrelated misalignment angle between
halos and galaxies (Okumura & Jing 2009; Okumura et
al. 2009). Such misalignment does not affect the S1∼S3
scaling relations. We then conclude that the predicted
scaling relation S1∼S3 are accurate to the O(1)% level
when ∆zP . 0.2, for both halo and galaxy ellipticities.
Such a level of accuracy is sufficient for accurate removal
of IA in cosmic shear power spectrum measurement.
4.1. The universality of the scaling relations
The scaling relations S1∼S3 are universal in several
ways. They hold for halos of different mass. We split
halos into two mass bins, 1010 < M/(M/h) < 1010.5
and 1010.5 < M/(M/h) < 1014 and redo the tests.8
8 Jing (2002) pointed out for halos with too few particles, the
ellipticity correlation will be underestimated, and the underestima-
tion amounts to a factor of two for halos of 20 simulation particles.
This underestimation can be described by an extra misalignment.
Therefore, it does not change the scaling relations. The low-mass
halo sample verifies this argument.
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Fig. 7.— Verification of the B-mode scaling relation proposed in
Eq. 7 . It is similar to Fig. 2, but for the B-E relation. These
new scaling relations are useful when studying the IA B-mode as a
tracer of the large-scale structure and when calibrating IA in the
weak lensing measurement. Notice that errorbars at different ∆zP
are correlated due to the common 3D power spectra shared in the
Limber integral (Equation (6)).
For brevity, we only show the test against S3 at z¯P = 1.0
and ` = 1000 (Fig. 5). In addition, scaling relations S1,
S2, and other z¯P, ` have similar conclusions. Both halo
samples obey the scaling relation S3 to O(1)% accuracy
at ∆zP ≤ 0.2 (O(5)% accuracy at ∆zP ≤ 0.4).
They hold for different weighting wi in the definition
of the inertial tensor and the ellipticities (Eq. 5). Previ-
ous works (e.g. Pereira et al. 2008; Joachimi et al. 2013;
Hilbert et al. 2017) showed that ellipticities can differ sig-
nificantly in the inner and outer regions of halos/galaxies
and therefore depend significantly on the weighting wi.
However, this does not affect the scaling relations S1∼S3.
Figure 6 shows the tests of S3 adopting wi = 1 and com-
pare it with the case of wi = 1/r
2
i adopted previously.
Despite the strong dependence of IA on the weighting,
the scaling relations still hold. This further supports the
argument in Z10 that scaling relations S1∼S3 are generic
and do not rely on the details of IA.
They are also insensitive to details of photo-z error dis-
tribution. All the power spectra Cαβ are affected by the
photo-z errors. But since the photo-z errors affect both
the left- and right-hand sides in basically the same way,
the scaling relations S1∼S3 are insensitive to the photo-z
errors. The above tests adopt a double Gaussians PDF
for photo-z errors, detailed in Z10. We have checked that,
for a single Gaussian or non-Gaussian PDF, the scaling
relations also hold.
4.2. Scaling relations of B-mode IA
Unlike cosmic shear, which has negligible B-mode, B-
mode of IA is usually non-negligible (e.g. Crittenden et
al. (2001, 2002); Hirata & Seljak (2004); Heymans et al.
(2006)). By its symmetry property, B-mode is only cor-
related with itself and the only nonvanishing two-point
statistics is its auto power spectrum CBB. Based on the
same argument in Z10, we expect the following three
6 Meng et al.
scaling relations,
S4 : CBB(∆zP|`, z¯P)'ABE(`, z¯P)CII(∆zP|`, z¯P)
'ABIg(`, z¯P)CIg(∆zP|`, z¯P)
'ABg(`, z¯P)Cgg(∆zP|`, z¯P) . (7)
The same simulation also verifies the above three new
scaling relations, and for brevity we only use one of the
tests (Fig. 7). These scaling relations are useful in both
separating shape measurement errors in B-mode (e.g.
RCSLenS (Hildebrandt et al. 2016), KiDS-450 (Hilde-
brandt et al. 2017)) and calibrating the IA E-mode .
5. DISCUSSION AND SUMMARY
We carry out comprehensive tests of the three scaling
relations useful for the IA self-calibration proposed in
Z10. We conclude that these scaling relations are valid
for all investigated angular scales `, mean-source red-
shifts z¯P, source redshift separations ∆zP, halo masses,
weightings in the halo ellipticity definition, and photo-
z error distribution. The tests are for halo ellipticities.
But since misalignment between ellipticities of early-type
galaxies and host halos does not alter these scaling rela-
tions, the same conclusion applies to galaxy ellipticities.
This makes the proposed IA self-calibration complete on
the theory side, and makes it ready for application to real
data analysis of galaxy ellipticities and cosmic shear.
In the original proposal of Z10, only scaling relations
related to E-mode ellipticity are discussed. The same
argument naturally leads to scaling relations of B-mode
ellipticity. We list these scaling relations and verify them
in §4.2.
There are further complexities to take care. For exam-
ple, there are different estimators of measuring the ellip-
ticity correlations. We adopt the pixel-based estimator.
We also need to check the standard estimator (e.g. Mun-
shi et al. 2008; Schmidt et al. 2009; Heymans et al. 2012).
Nevertheless, since the derivation of the scaling relations
is not restricted to a specific estimator, we expect that
these scaling relations should hold as well. Furthermore,
the tests done for halos in N−body simulations should
be extended to galaxies in hydrodynamical simulations.
This will allow us to more robustly check the dependence
on galaxy types.
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